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Abstract
We introduce the class of the opened modular numerical semigroups (for brevity, OM-semigroups) and
obtain formulas for the Frobenius number, the singularity degree and the type of these semigroups. We
prove that a numerical semigroup S has a Toms decomposition if and only if S is an intersection of OM-
semigroups. We also characterize irreducible proportionally modular numerical semigroups in terms of
OM-semigroups.
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1. Introduction
Given positive integers m and n, with n = 0, we denote by m mod n the remainder of the divi-
sion of m by n. Following the notation in [12], a proportionally modular Diophantine inequality
is an expression of the form ax mod b  cx with a, b and c positive integers. Let S(a, b, c) be
the set of integer solutions to this inequality. Then S(a, b, c) is a numerical semigroup, that is, it
is a subset S of the set of nonnegative integers N that is closed under addition, 0 ∈ S and N \ S
has finitely many elements. We say that a numerical semigroup S is proportionally modular if S
is the set of integer solutions to a proportionally modular Diophantine inequality.
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J.C. Rosales, J.M. Urbano-Blanco / Journal of Algebra 306 (2006) 368–377 369For a subset A of R+0 , we denote by 〈A〉 the submonoid of (R+0 ,+) generated by A, that is,〈A〉 = {λ1a1 + · · · + λnan | n ∈ N, a1, . . . , an ∈ A and λ1, . . . , λn ∈ N}. If A = {a1, . . . , an}, we
simply write 〈a1, . . . , an〉 instead of 〈A〉.
Given a nonempty subset A of R+0 , then S(A) = 〈A〉 ∩ N is a submonoid of N. It is proved
in [12] that the class of proportionally modular numerical semigroups agrees with the class of
numerical semigroups S([α,β]) with [α,β] a closed interval of R+0 and α < β . In this paper we
extend this result and show that if I is a bounded interval of R+0 , then S(I ) is a proportionally
modular numerical semigroup.
Following the terminology in [9] and taking into account [12, Corollary 9], a numerical semi-
group S is modular if either S = N or S = S([ b
a
, b
a−1 ]) with 2 a < b integers.
Given integers a1 < · · · < an, we write {a1, . . . , an,→} to mean the joint of the set
{a1, . . . , an} and that of all integers greater than an. A numerical semigroup S is a half-line if
S = {0,m,→} for some positive integer m.
We say that a numerical semigroup S is opened modular, if either S is a half-line or there exist
integers 2 a < b such that S = S(] b
a
, b
a−1 [). For brevity, we simply say OM-semigroup.
The main results in this paper and which point out the importance of OM-semigroups are the
following ones:
(1) We obtain formulas for the Frobenius number, the singularity degree and the type
of S(] b
a
, b
a−1 [) in terms of a and b, which are three important invariants of a numerical
semigroup (see [1,3]).
(2) We characterize proportionally modular numerical semigroups which are symmetric (re-
spectively pseudo-symmetric) as those which have a representation of the form S(] b
a
, b
a−1 [)
with 2 a < b and gcd(a, b) = gcd(a − 1, b) = 1 (respectively {gcd(a, b),gcd(a − 1, b)} =
{1,2}), where gcd stands for greatest common divisor.
(3) We prove that a numerical semigroup S have a Toms decomposition if and only if S can be
written as an intersection of OM-semigroups (see [11,14]).
2. The numerical semigroup associated to a bounded interval
Given real numbers λ < μ, we put
[λ,μ] = {x ∈ R | λ x  μ}, [λ,μ[ = {x ∈ R | λ x < μ},
]λ,μ] = {x ∈ R | λ < x  μ}, ]λ,μ[ = {x ∈ R | λ < x < μ}.
Along this section I will represent an interval of one of the types above with 0 λ < μ. Our
target is to show that S(I ) is a proportionally modular numerical semigroup.
Lemma 1. If x1, . . . , xk ∈ I , then 1k (x1 + · · · + xk) ∈ I .
Proof. It is clear that k ·min{x1, . . . , xk} x1 +· · ·+xk  k ·max{x1, . . . , xk}. This implies that
min{x1, . . . , xk} 1k (x1 + · · · + xk)max{x1, . . . , xk} and so 1k (x1 + · · · + xk) ∈ I . 
Lemma 2. Let x ∈ R+. Then x ∈ 〈I 〉 if and only if there exists a positive integer k such that
x ∈ I .
k
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λkak . By Lemma 1 we deduce that xλ1+···+λk ∈ I . Conversely, if xk ∈ I , then x = k · xk ∈ 〈I 〉. 
The next result is a consequence of Theorem 13 and Lemma 21 in [12].
Lemma 3. A numerical semigroup S is proportionally modular if and only if there exist real
numbers 0 < α < β such that S = S([α,β]). Moreover, if S = N, then α and β can be taken such
that 1 < α < β .
The following result, which is a consequence of Corollary 9 in [12], supplies us with a way
of changing a presentation of a proportionally modular numerical semigroup into another.
Lemma 4. Let c < a < b be positive integers. Then S(a, b, c) = S([ b
a
, b
a−c ]).
Given nonnegative integers n1, . . . , np , it is clear that 〈n1, . . . , np〉 is a numerical semigroup
if and only if gcd(n1, . . . , np) = 1.
It is well known (see, for instance, [10]) that every numerical semigroup S is finitely gen-
erated, that is, there exists {n1, . . . , np} ⊆ S such that S = 〈n1, . . . , np〉. The set {n1, . . . , np} is
called a generating system of S, and if no proper subset of {n1, . . . , np} generates S, {n1, . . . , np}
is said to be a minimal generating system of S. Every numerical semigroup admits a unique min-
imal generating system (see [10]). The cardinality of this set is the embedding dimension of S
and it is denoted by e(S).
Now we are in conditions to prove the following result.
Proposition 5. S(I ) is a proportionally modular numerical semigroup.
Proof. It is clear from definition that S(I ) is a submonoid of N. Let α,β ∈ I such that α < β .
Then [α,β] ⊆ I and so S([α,β]) ⊆ S(I ). Since by Lemma 3 we know that S([α,β]) is a numer-
ical semigroup, then N \ S([α,β]) is finite and so the same stands for N \ S(I ). This implies that
S(I ) is a numerical semigroup. Let {n1, . . . , np} be the minimal generating system of S(I ). By
Lemma 2 there exist positive integers λ1, . . . , λp such that {n1λ1 , . . . ,
np
λp
} ⊆ I . Suppose that n1
λ1
<
· · · < np
λp
. Then S([n1
λ1
,
np
λp
]) ⊆ S(I ), and by Lemma 2 we get that {n1, . . . , np} ⊆ S([n1λ1 ,
np
λp
]).
This implies that S(I ) = 〈n1, . . . , np〉 ⊆ S([n1λ1 ,
np
λp
]) and so S(I ) = S([n1
λ1
,
np
λp
]). Thus S(I ) can
be defined by using a closed interval of R+0 . In view of Lemma 3, the proof is concluded. 
Example 6. Given the interval I = ] 4335 , 2318 [, we describe more precisely the semigroup S = S(I ).
Let t be the least integer such that 2318 t >
43
35 (t + 1). Then t = 25 and ] 4335 t, 2318 t[ ∩ N = {31}.
This implies that {31,→} ⊆ S(I ). It can be easily checked that
( 24⋃
k=1
]
43
35
k,
23
18
k
[)
∩ N = {5,10,14,15,16,19,20,21,24,25,26,28,29,30}.
From the computations above we get that S = 〈5,14,16〉. Since 1613 , 54 , 1411 ∈ I and 1613 <
5
4 <
14
11 , by the proof of Proposition 5 we get that S = S([ 1613 , 1411 ]). Note that S([ 1613 , 1411 ]) =
S([ 16·1413·14 , 16·1416·11 ]) = S([ 224182 , 224176 ]). By Lemma 4, we obtain that S = S(182,224,6).
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Given a numerical semigroup S, we define the set of gaps of S as H(S) = N\S. The cardinality
of H(S) is called the singularity degree of S (see [1]). The largest integer not in S is called the
Frobenius number of S, denoted by g(S) (see [3]). The least positive element in S defines the
multiplicity of S, represented here by m(S).
A numerical semigroup is irreducible if it cannot be expressed as the intersection of two
numerical semigroups containing it properly (see [6]). A numerical semigroup S is symmetric
(respectively pseudo-symmetric), if S is an irreducible numerical semigroup with g(S) odd (re-
spectively with g(S) even). This kind of numerical semigroups has been widely studied in the
literature (see [1] and the references included in this paper).
In this section a and b will represent integers such that 2 a < b. We call d = gcd(a, b) and
d ′ = gcd(a − 1, b).
Lemma 7. If x ∈ R+, then b + x ∈ 〈] b
a
, b
a−1 [〉. In particular, {b + 1,→} ⊆ S(] ba , ba−1 [).
Proof. From hypothesis we have b < b + x. Then there exists a positive integer k such that
(a − 1)(b + x) < bk < a(b + x), that is, b
a
< b+x
k
< b
a−1 . By Lemma 2 this implies that b + x ∈
〈] b
a
, b
a−1 [〉. 
Proposition 8. Let x ∈ N. Then x ∈ S([ b
a
, b
a−1 ]) and x /∈ S(] ba , ba−1 [) if and only if x ∈ {λ bd | λ ∈
{1, . . . , d}} ∪ {λ b
d ′ | λ ∈ {1, . . . , d ′}}.
Proof. Let S = S([ b
a
, b
a−1 ]) and let S = S(] ba , ba−1 [). By Lemma 2, if x ∈ S \S, then there exists
a positive integer k such that either x
k
= b
a
or x
k
= b
a−1 . This implies that x is either a multiple
of b
d
or a multiple of b
d ′ . By Lemma 7 we conclude that x ∈ {λ bd | λ ∈ {1, . . . , d}} ∪ {λ bd ′ | λ ∈
{1, . . . , d ′}}. Conversely, suppose that x = t b
d
with t ∈ N \ {0}. Then it is clear that x ∈ S. If
x ∈ S, there exists a positive integer k such that b
a
<
t b
d
k
< b
a−1 . This implies that (a − 1)t <
dk < at . Since a is a multiple of d , we deduce that (a − 1)t < at − d , that is, d < t . So we have
proved that if x ∈ {λ b
d
| λ ∈ {1, . . . , d}}, then x ∈ S and x /∈ S. Similarly, one can prove that if
x ∈ {λ b
d ′ | λ ∈ {1, . . . , d ′}}, then x ∈ S and x /∈ S. 
If X is a set, we denote by #X its cardinality.
Corollary 9. Let 1 < a < b be integers. Then
#H
(
S
(]
b
a
,
b
a − 1
[))
= #H
(
S
([
b
a
,
b
a − 1
]))
+ d + d ′ − 1.
Proof. As gcd(d, d ′) = 1, this implies that λ b
d
= μ b
d ′ for any λ ∈ {1, . . . , d − 1} and μ ∈{1, . . . , d ′ − 1}. Now the proof follows straightly from Proposition 8. 
As a consequence of Theorem 12 in [9] and Lemma 4 we deduce the following result.
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#H
(
S
([
b
a
,
b
a − 1
]))
= 1
2
(b + 1 − d − d ′).
Theorem 11. Let 1 < a < b be integers. Then S(] b
a
, b
a−1 [) is a proportionally modular numerical
semigroup with Frobenius number b and singularity degree 12 (b − 1 + d + d ′).
Proof. Let S = S(] b
a
, b
a−1 [). By Proposition 5 we have that S is proportionally modular. From
Lemma 7 and Proposition 8 we deduce that g(S) = b. Finally, by Corollary 9 and Lemma 10 we
obtain that #H(S) = 12 (b − 1 + d + d ′). 
The following result is well-known (see, for instance, [1,2]).
Lemma 12. A numerical semigroup S is symmetric (respectively pseudo-symmetric) if and only
if g(S) is odd and #H(S) = g(S)+12 (respectively g(S) is even and #H(S) = g(S)+22 ).
From Theorem 11 and Lemma 12, we obtain the following corollary.
Corollary 13. Let 1 < a < b be integers. The semigroup S(] b
a
, b
a−1 [) is symmetric (respectively
pseudo-symmetric) if and only if d = d ′ = 1 (respectively {d, d ′} = {1,2}).
The following result is an immediate consequence of Proposition 6 in [6].
Lemma 14. If S is an irreducible numerical semigroup and m(S) 4, then e(S)m(S) − 1.
We recall that a numerical semigroup S is a half-line if S = {0,m,→} for some positive
integer m.
Lemma 15. Let S be an irreducible numerical semigroup. Then S is a half-line if and only if
S ∈ {N, 〈2,3〉, 〈3,4,5〉}.
Proof. If S is a half-line, then there exists an integer m > 0 such that S = {0,m,→}. Thus
S is minimally generated by {m,m + 1, . . . ,2m − 1} and e(S) = m = m(S). Since by hy-
pothesis S is irreducible, by using Lemma 14 we get that m ∈ {1,2,3}, and this implies that
S ∈ {N, 〈2,3〉, 〈3,4,5〉}. The converse can be easily proved from Lemma 12 and from the fact
that symmetric and pseudo-symmetric semigroups are irreducible. 
Lemma 16. [6, Theorem 1] For a numerical semigroup S, the following conditions are equiva-
lent:
(1) S is irreducible,
(2) S is maximal in the set of all numerical semigroups with Frobenius number g(S),
(3) S is maximal in the set of all numerical semigroups that do not contain g(S).
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half-line, then
g(S)
g(S) − 1 < α < β < g(S).
Proof. If S is not a half-line, then m(S) < g(S). As m(S) ∈ S, by Lemma 2 there exists a positive
integer k ∈ {1, . . . ,m(S)− 1} such that α  m(S)
k
 β . This in particular implies that α  m(S)
k
<
g(S)
k
 g(S)1 . From Lemma 2 and the fact that g(S) /∈ S, we deduce that β < g(S)1 . Clearly β 
m(S)
k
 m(S)
m(S)−1 >
g(S)
g(S)−1 . Since g(S) /∈ S, by Lemma 2 this leads to g(S)g(S)−1 < α. 
Proposition 18. Let S be an irreducible proportionally modular numerical semigroup which
is not a half-line. Then there exists a positive integer k such that 2  k < g(S) and S =
S(] g(S)
k
,
g(S)
k−1 [).
Proof. By Lemma 3 there are real numbers 1 < α < β such that S = S([α,β]) and by Lemmas 2
and 17 there exists an integer k such that 2  k < g(S) and g(S)
k
< α < β <
g(S)
k−1 . Call S =
S(] g(S)
k
,
g(S)
k−1 [). We know from Theorem 11 that S is a numerical semigroup with Frobenius
number g(S). Since [α,β] ⊆ ] g(S)
k
,
g(S)
k−1 [, this implies that S ⊆ S. Finally by Lemma 16 we get
that S ⊆ S, and so S = S. 
Remark 19. It is proved in [12, Corollary 31] that every numerical semigroup generated by an
arithmetic progression is proportionally modular. This in particular implies that any numerical
semigroup which is a half-line is proportionally modular.
Taking into account Proposition 18, Corollary 13, Lemma 15 and Remark 19, we obtain the
following result.
Theorem 20. Let S be a proportionally modular numerical semigroup. Then:
(1) S is symmetric if and only if either S = N, S = 〈2,3〉 or S = S(] b
a
, b
a−1 [) where a and b are
integers such that 2 a < b and gcd(a, b) = gcd(a − 1, b) = 1.
(2) S is pseudo-symmetric if and only if either S = 〈3,4,5〉 or S = S(] b
a
, b
a−1 [) where a and b
are integers such that 2 a < b and {gcd(a, b),gcd(a − 1, b)} = {1,2}.
Example 21. Let S = S(] 458 , 457 [). Since gcd(45,8) = gcd(45,7) = 1, by Theorem 20 we get that
S is a symmetric proportionally modular numerical semigroup.
4. Numerical semigroups which admit a Toms decomposition
Let S be a numerical semigroup and let d be a positive integer. Then S
d
= {n ∈ N | dn ∈ S}
is again a numerical semigroup, called the quotient of S by d (see [12]). As it is shown in [13],
the quotient construction can be used to give an alternative definition of proportionally modular
numerical semigroups. More precisely, a numerical semigroup S is proportionally modular if and
only if there exist positive integers n1, n2, d such that gcd(n1, n2) = 1 and S = 〈n1,n2〉 .d
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exist positive integers q1, . . . , qn, m1, . . . ,mn and L such that
(1) gcd(qi,mi) = gcd(L,qi) = gcd(L,mi) = 1 for all i ∈ {1, . . . , n},
(2) S = 1
L
⋂n
i=1〈qi,mi〉.
The following result, which can be found in [11], relates Toms decompositions to proportion-
ally modular numerical semigroups.
Lemma 22. A numerical semigroup S has a Toms decomposition if and only if S can be expressed
as a finite intersection of proportionally modular numerical semigroups.
We recall that a numerical semigroup S is an OM-semigroup, if either S is a half-line or there
exist integers 2 a < b such that S = S(] b
a
, b
a−1 [).
Proposition 23. Every proportionally modular numerical semigroup is a finite intersection of
OM-semigroups.
Proof. If S = N, then S is a half-line and the statement is trivially true. So let S be a pro-
portionally modular numerical semigroup other than N. By Lemma 3 there exist real numbers
1 < α < β such that S = S([α,β]). Suppose that h ∈ H(S). If h α, by Lemma 2 we deduce that
β < h, and so there exists a unique integer n 2 such that h
n
< α < β < h
n−1 . In this case we let
S(h) = S(]h
n
, h
n−1 [). On the other hand, if h < α, we let S(h) = {0, h+1,→}. Now we show that
S = ⋂h∈H(S) S(h). Since S ⊆ S(h) for every h ∈ H(S), we have that S ⊆ ⋂h∈H(S) S(h). Note
that if x ∈ H(S), then x /∈ S(x), and so x /∈⋂h∈H(S) S(h). This concludes the proof. 
Remark 24. We point out that not every proportionally modular numerical semigroup S can be
expressed as an intersection of modular semigroups, that is, numerical semigroups of the type
S([ b
a
, b
a−1 ]). To see this, take the semigroup S = 〈m,m + 1, . . . ,2m − 2〉 with m 5. Note that
e(S) = m − 1  4. By using Lemma 12 it can be easily checked that S is symmetric (and so
irreducible). By Remark 19 we have that S is proportionally modular. However every irreducible
modular numerical semigroup has embedding dimension at most 3 (see [4,5]). We conclude from
this that S cannot be expressed as an intersection of modular semigroups.
Now we give a characterization of numerical semigroups which have a Toms decomposition
in terms of OM-semigroups.
Corollary 25. A numerical semigroup S has a Toms decomposition if and only if S can be ex-
pressed as a finite intersection of OM-semigroups.
Proof. Suppose that S is a numerical semigroup which has a Toms decomposition. According
to Lemma 22 there are proportionally modular numerical semigroups S1, . . . , Sn such that S =
S1 ∩ · · · ∩ Sn. By Proposition 23 we deduce that S is a finite intersection of OM-semigroups.
Conversely, if S can be expressed as a finite intersection of OM-semigroups, by Proposition 5
and Remark 19, we obtain that S is a finite intersection of proportionally modular numerical
semigroups. Finally, by Lemma 22 we conclude that S has a Toms decomposition. 
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EH(S) = {x ∈ H(S) | 2x ∈ S, x + s ∈ S for all s ∈ S \ {0}}.
Lemma 26. [8, Proposition 25] Let S be a numerical semigroup and let S1, . . . , Sn be numerical
semigroups containing S. The following conditions are equivalent.
(1) S = S1 ∩ · · · ∩ Sn.
(2) For all h ∈ EH(S), there exists i ∈ {1, . . . , n} such that h /∈ Si .
Theorem 27. Let S be a numerical semigroup which has a Toms decomposition. Then S can be
written as an intersection of # EH(S) OM-semigroups.
Proof. Suppose that S is a numerical semigroup which has a Toms decomposition. Then by
Lemma 22, there are proportionally modular numerical semigroups S1, . . . , Sn such that S = S1 ∩
· · ·∩Sn. Let h ∈ EH(S). By Lemma 26 there exists i ∈ {1, . . . , n} such that h /∈ Si . Proceeding as
in the proof of Proposition 23, we get an OM-semigroup S(h) such that h /∈ S(h) and Si ⊆ S(h).
By Lemma 26 again, we get that S =⋂h∈EH(S) S(h). 
Example 28. Let us obtain a decomposition of the semigroup S(10,61,2) as an intersection of
OM-semigroups.
It can be easily checked that H(S) = {1,2,3,4,5,6,8,9,10,11,12,16,17,18,23,24} and
EH(S) = {18,23,24}. By Lemma 4 we have S = S([ 6110 , 618 ]). According to the proof of Propo-
sition 23, we define the OM-semigroups S(18) = S(] 183 , 182 [), S(23) = S(] 234 , 233 [) and S(24) =
S(] 244 , 243 [). Hence S = S(18) ∩ S(23) ∩ S(24).
Example 29. Let S1 = S(5,21,2), S2 = S(8,31,3), S3 = S(6,33,2) and let S = S1 ∩ S2 ∩ S3.
We express S as an intersection of as many OM-semigroups as # EH(S).
It can be easily checked that S = 〈6,11,13,14,15,16〉, and from this that EH(S) =
{7,8,9,10}. By the proof of Theorem 27, for every h ∈ EH(S) we choose a semigroup Sh among
S1, S2, S3 such that h /∈ Sh, and by the proof of Proposition 23, for every Sh we consider the OM-
semigroup S(h) such that Sh ⊆ S(h) and h /∈ S(h).
If h = 7, we have S7 = S2 and S(7) = S(] 72 , 71 [). If h = 8, we have S8 = S1 and S(8) =
S(] 82 , 81 [). If h = 9, we have S9 = S3 and S(9) = S(] 92 , 91 [). Finally, if h = 10, we have S10 = S3
and S(10) = S(] 102 , 101 [). Hence we get the decomposition
S = S
(]
7
2
,
7
1
[)
∩ S
(]
8
2
,
8
1
[)
∩ S
(]
9
2
,
9
1
[)
∩ S
(]
10
2
,
10
1
[)
.
5. The type of an OM-semigroup
Following the notation in [7], if S a numerical semigroup, we put Pg(S) = {h ∈ Z | h + s ∈
S for every s ∈ S \ {0}}. The elements of Pg(S) are called the pseudo-Frobenius numbers of S.
The cardinality of Pg(S) is an important invariant of the numerical semigroup S called the type
of S, denoted here by t(S) (see [1]). It is a simple fact that if S = {0,m,→}, then Pg(S) =
{1, . . . ,m − 1}. So in this section we will focus on the case S = S(] b
a
, b
a−1 [) where a and b are
integers such that 2 a < b.
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Lemma 30. Let a1, a2, b1 and b2 be positive integers. If b1a1 <
b2
a2
, then b1
a1
< b1+b2
a1+a2 <
b2
a2
.
Lemma 31. Let a and b be integers such that 2  a < b and let d = gcd(a, b) and d ′ =
gcd(a − 1, b). Then{
λ
b
d
∣∣∣∣ λ ∈ {1, . . . , d}
}
∪
{
λ
b
d ′
∣∣∣∣ λ ∈ {1, . . . , d ′}
}
⊆ Pg
(
S
(]
b
a
,
b
a − 1
[))
.
Proof. Call S = S(] b
a
, b
a−1 [) and suppose that λ ∈ {1, . . . , d}. We show that λ bd ∈ Pg(S). If s ∈
S \ {0}, by Lemma 2 there exists a positive integer n such that b
a
< s
n
< b
a−1 . By Lemma 30 we
get
b
a
= λ
b
d
λ a
d
<
λb
d
+ s
λ a
d
+ n <
s
n
<
b
a − 1 .
By Lemma 2 again, this implies that λ b
d
+ s ∈ S. Thus we have shown that λ b
d
∈ Pg(S). Similarly
it can be proved that μ b
d ′ ∈ Pg(S) for any μ ∈ {1, . . . , d ′}. 
The next result is an adapted version of [9, Corollary 6].
Lemma 32. Let a and b be integers such that 1 < a < b and let S = S([ b
a
, b
a−1 ]). If x /∈ S, then
b − x ∈ S.
Theorem 33. Let a and b be integers such that 2 a < b and let d = gcd(a, b) and d ′ = gcd(a−
1, b). Then{
λ
b
d
∣∣∣∣ λ ∈ {1, . . . , d}
}
∪
{
λ
b
d ′
∣∣∣∣ λ ∈ {1, . . . , d ′}
}
= Pg
(
S
(]
b
a
,
b
a − 1
[))
.
Proof. Call S = S(] b
a
, b
a−1 [), S = S([ ba , ba−1 ]) and X = {λ bd | λ ∈ {1, . . . , d}} ∪ {λ bd ′ | λ ∈{1, . . . , d ′}}. By Lemma 31 we already know that X ⊆ Pg(S), so to conclude the proof we only
have to check that Pg(S) ⊆ X. Suppose for a contradiction that there exists x ∈ Pg(S) such that
x /∈ X. By Proposition 8 we deduce that x /∈ S. Now by Lemma 32 this leads to b − x ∈ S. Since
x /∈ X, this implies that b − x /∈ X. By using Proposition 8 again we get that b − x ∈ S. Note
that x = b, and so b − x ∈ S \ {0}. Since x + (b − x) = b /∈ S, we get a contradiction with the
hypothesis x ∈ Pg(S). 
As a consequence of Theorem 33, Proposition 8 and the proof of Corollary 9, we get the
following result.
Corollary 34. Let a and b be integers such that 2  a < b and let d = gcd(a, b) and d ′ =
gcd(a − 1, b). Then:
(1) t(S(] b
a
, b
a−1 [)) = d + d ′ − 1,
(2) S([ b
a
, b
a−1 ]) = S(] ba , ba−1 [) ∪ Pg(] ba , ba−1 [).
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